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ABSTRACT: We investigate effects of field theory instantons by considering D-instantons
in a suitable D3-brane background. In supersymmetric QCD with SU(N,) gauge group
and Ny = N, flavors, the moduli space of vacua is deformed by instantons. This effect
can be described by the chiral interactions which are called multi-fermion F-terms. We
derive these chiral interaction terms as D-instanton effects in the presence of D3-branes.
For SU(2), the obtained result agrees with the previous result worked out by Beasley and
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1. Introduction

Instanton physics in string theory is an interesting area to study. There are various non-
perturbative objects such as D-branes, membranes and 5-branes and one can consider the
instanton effects arising from such objects wrapping on some suitable cycles [B-H]. Space-
time approach or the physical gauge approach was initiated by [[] and various interesting
works were done. Since some field theories can be embedded in a string theory, field theory
instantons can be understood in terms of instantons in string theory and this approach
shed much light on the understanding of the structures of gauge theory instantons, such
problem as the measure of the instanton moduli space. One of the important discovery is
the D5-brane as a small instanton in Type I theory [ and this led to the much progress in
our understanding of the field theory instantons. Also in the string theory set up, one can
have truly stringy instantons in the embedded field theory [{—[L]], whose effect cannot be
reproduced within field theory and this leads to many interesting physics such as dynamical
supersymmetry breaking combined with the other effects.

In this work we will use the string theory setup to understand one aspect of gauge
theory instanton [[[J]. In particular we are interested in A/ = 1 supersymmetric QCD



and derive one interesting effect coming from the gauge theory instanton. We realize the
gauge theory as a suitable D3-brane configuration [LJ] where D-instanton plays the role of
the usual gauge theory instanton. In N =1 SU(N,) gauge theory with Ny fundamental
flavors, the well known instanton effect is the generation of the ADS superpotential [[L4]
for N, = Ny — 1, which lifts the moduli of vacua (for a review, see [[J]). This superpoten-
tial can be reproduced by the D-brane effective theory [[f]. Various computation of the
superpoetntial using D-instanton method can be found in [I7, [[§ and references in [[9].
The ADS superpotential in D-brane theory with orientifolding can be found in [R0]. For
Ny = N, no superpotential is generated but a quantum effect deforms the complex struc-
ture of the moduli space [R1]. In [I], it was pointed out that the deformation of the moduli
space is still due to the usual gauge theory instanton, which gives rise to a chiral interac-
tion. This interaction is a four-fermion interaction term and called multi-fermion F-terms.
For Ny > N, instantons generate interaction terms with more fermions.

In this paper, we reproduce these multi-fermion F-terms from the D-brane effective
theory, which is realized as D3-branes at a particular orbifold singularity. Though only the
scalars which parametrize the moduli of N' =1 SQCD are involved in the calculation of the
ADS superpotential, we have to include interactions of fermions in the quark superfields.
These F-terms are given in the form of the integral with respect to the moduli of the
instanton. It is difficult to perform the integration for general case. Hence, we calculate the
simplest case N. = Ny = 2. In this case, we can easily perform the integration and obtain
the multi-fermion F-terms which are equivalent to the result of [f[]. We study the case of
the symplectic group as another example, and make a connection with the deformation of
the moduli space. In this case, we can also explicitly carry out the integration, since the
ADHM constraint is absent and the structure of the instanton moduli is simple.

This paper is organized as follows. In section ], we briefly recall the basic setup of the
D-brane effective theory which describes instantons in the A" = 4 super Yang-Mills [[J]. In
section [, we introduce D3-branes on one particular orbifold and realize the N'=1 SQCD
with SU(N,) gauge group [[LJ]. After that, we discuss basic facts about the derivation
of multi-fermion F-terms and show the general expression of multi-fermion F-terms for
Ny = N.. In section ], we briefly review the multi-fermion F-terms and their relation to
the deformation of the moduli space [fll. In section [], we describe details of calculations
in the simplest case of Ny = N, = 2. We show that our result coincides with that in [J.
In section fl, we consider the more general case of USp(N,). We derive an expression of
multi-fermion F-terms and show that they describe the deformation of the moduli space for
Ny = N.+ 1. We also consider multi-fermion F-terms with more fermions, which appear
for Ny > N, + 1. section [] is devoted for conclusions and discussions.

2. Preliminaries

In this section, we explain the basic setup of the system. It is well known that the D-
instanton is the gauge theory instanton if the gauge theory in consideration is realized by
D3-brane configurations [[2). Here we describe the massless spectrum of various sectors



coming from D3 branes and D-instantons in the flat space and specify the interaction terms
between various sectors. We divide open string fields into the following three sectors.

D3-D3 sector. This sector consists of the open strings whose both ends are on the
D3-branes. At low energy, only massless modes of these open strings contribute to the
theory. These massless fields form A = 4 super Yang-Mills multiplets. Let x* denote the
world-volume coordinates of D3-branes and z® denote the transverse coordinates of the
remaining six dimensions. The bosonic components are denoted by A* and X¢, and their
fermionic partners by W4 and ¥¢. Indices of A are those of SU(4) denoting the chirality
of the transverse six dimensions while a and & denote the usual four dimensional chirality.
We also write six scalars X¢ in the antisymmetric representation

Pap =24 5X" (2.1)

where ¥% (and %) realize six-dimensional Clifford algebras, and appear in the expression

o [0
r _<ia . ) (2:2)

When we put N D3-branes, all of theses fields are in the adjoint representation of SU(N),

of six-dimensional y-matrices,

and can be written as N x N hermitian matrices.

D(-1)-D(-1) sector. This sector consists of the open strings with both ends on the
D-instantons. These are obtained by the dimensional reduction of ten-dimensional super
Yang-Mills theory. The bosonic fields are written as a*, x* and the fermionic modes are
denoted as M4 A\ya. Here we have adopted the ADHM inspired notation. We also
introduce the triplet of the auxiliary fields D¢. These are expressed in terms of k x k
matrices for a background with k D-instantons. It is argued in [[J] that there are subtleties
to obtain the D-instanton action in the presence of D3-branes by taking o/ — 0 limit.
This is because the coupling constant dependence on o' is different for D3-branes and
D-instantons. If we take the coupling constant of D3-branes to be constant, the coupling
constant of D-instanton diverges. In order to obtain the usual interacting theory for D(-1)
massless modes, we need a suitable rescaling of the fields on D-instantons. Here we assume
that such rescaling is already taken. We will refer to the rescaled fields by using the above
notations.

D3-D(-1) sector. This sector includes the massless modes of the open strings stretching
between the D3-branes and D-instantons. From the Neveu-Schwarz(NS) sector we have a
bosonic spinor in the first four-directions where the GSO projection picks up the negative
chirality. In the conjugate sector we obtain an independent bosonic spinor with the same
chirality. We will refer to them as w4 and @4, respectively. From the Ramond sector and
its conjugate sector, we obtain a pair of fermions p4 and g#. These fields are N x k and
k x N matrices, respectively.

We are specifying the action of various sectors and the SUSY transformations are
worked out in appendix [A]. Massless modes of the D(-1)-D(-1) and D3-D(-1) sectors



correspond to the moduli of the gauge instanton which appear in the ADHM construc-
tion [R2, J]. When carrying out the path integral, one obtains the measure of the instanton
moduli space naturally. The action is given by

. 1 - i
Sp = tr (‘[au, X + X @aw X + §(EG)ABﬂAMBXa - Z(Ea)ABMaA [Xas MZ]

+i(aws + @apt + T4 [MPAa,])AG — z’DC(a)‘j‘(Tc)ng +in°,,, [at, a”]))
(2.3)

where 7,77 are the usual 't Hooft symbols and 7¢ denote the usual Pauli matrices.

Including interaction terms with the scalars in /' = 4 super Yang-Mills theory, we can
also obtain the instanton effective action with non-zero VEVs of the scalars, which is given
by,

1 . /) 1 .
Sy = tr <§€ABCD(DQ<I>AB(I)CDWQ + E[LA@AB,UB + ZeABCD(DdXABCI)CDwa> . (2.4)

In this paper, we also include contributions from the fermions in the D3-brane field
theory. The interaction terms with the fermions (and gauge fields) are as follows:

y - .1 . .
Ss = tr (z‘wdxlfjw“ — g aw® + §wdag”o‘Fww5> . (2.5)

We will mainly consider nonzero fermionic background with no gauge field background.

3. Multi-fermion F'-terms from D-instantons

In this paper, we study nonperturbative effects of instantons in an N’ = 1 gauge theory.
One way to obtain A/ = 1 theory is the orbifolding with putting D3-branes at the orbifold
singularity [I3]. There is an issue whether the worldvolume quiver gauge theory of branes
at singularities is [[, SU(2V;) or [[, U(V;). We can decouple the overall U(1) factor under
which no matter is charged. And the issue is about U(1) factors which have charged
matters. As explained at [24], these U(1) factors are infrared free, and the resulting gauge
theories realized in a non-compact Calabi-Yau should be regarded as [[, SU(NN;) since U(1)
couplings vanish in the infrared limit.

One subtle issue is the presence of D-term of anomalous U(1) factors of [[, U(N;). For
such a U(1) we have Green-Schwarz anomaly cancellation mechanism, where the branes
contain the necessary coupling between the U(1) gauge field and a suitable two-form field
B,,,, which is dual to a scalar B in four-dimension [R5. The anomalous U(1) gauge fields
A, get massive by Higgs mechanism, i.e., through the coupling of the form (A4, — 9,B)>.
For orbifold singularities, such two form fields are RR fields coming from the twisted sectors
of the orbifold theory. Even if the U(1) fields get massive, their D-term equations should
be imposed to obtain the correct moduli space [Rf] of field theory of [], SU(NN;). Another
scalar coming from NS-NS sector, say ¢, which belongs to the same supermultiplet as
By, plays the role of Fayet-Iliopoulos term and the D-term of the anomalous U(1) gauge



field can be always set to zero by turning on the expectation value of ¢. Since the fields
arising from twisted sectors are localized at the orbifold singularities, these are dynamical
fields. Turning on their expectation value is possible in the non-compact setting while
the expectation value of bulk fields are not dynamical. Thus by adjusting the value of ¢,
U(1) D-term constraint is satisfied but the moduli space of low energy [[, SU(N;) theory
is intact.

From now on we take a C3/Zy x Zy orbifold. We also introduce fractional D3-branes
which are D5-branes wrapped on collapsed cycles at the singularity. The gauge group of
a general configuration is given by U(N7) x U(N3) X U(N3) x U(Ny4) in the ultra-violet
limit. We will refer to D3-brane configurations as (N7, N2, N3, Ny). The configuration we
are interested in is given by (N, Ny,0,0). For this configuration, one can make D-term
of relative U(1)s vanishing by tuning the vacuum expectation value of suitable fields of
twisted sectors [R7]. The resulting low energy theory has SU(N,) x SU(Ny) gauge theory
which yields the /' =1 SQCD with gauged flavor symmetry. We neglect gauging of flavor
symmetry and treat the model as the usual N' = 1 SQCD. This is justified since the
computation we will carry out does not depend on the gauge couplings so that we can
make the gauge coupling of SU(NNy) arbitrarily smaller than that of SU(NN.). In practice,
this implies that we write the final answer in terms of gauge invariant observables of
SU(N.), not in terms of gauge invariant variables SU(N.) x SU(Ny). Same approach is
adopted in the computation of ADS superpotential using the D-instanton method [[L0}, [L].
Configurations of D-instantons (and fractional D-instantons) are characterized by a similar
fashion, (ki, ks, ks, k). It is taken to be (1,0,0,0) in order to describe the one-instanton
background.

In order to obtain the C3/Zy x Zo orbifold, we introduce the following complex coor-
dinates,

2=t iad, 22 =28 +ix”, 23 = 2% 4 iad. (3.1)

The orbifold is constructed from the following two projections
2 2 3 3

g1: z°=—2z" and z°=-—2°, (3.2a)

g2 : =2 and 23 =-23 (3.2b)

The low energy effective theory of the D3-brane becomes the NV = 1 quiver gauge
theory with bi-fundamental matters. This theory can be obtained by imposing an orbifold
projection on the NV = 4 SYM. The orbifold projection acts on the bosonic fields in the
D3-D3 sector as follows:

A =(9:)Au(9:) 7", Dup = 27(9;)Papy(9:) ", i =1,2 (3.3)

where the + sign must be chosen according to the projections (B.J). Since the orbifold is
abelian, the representation matrix v(g;) can be diagonalized and written in terms of the



block diagonal matrices:

100 0 1000
01 0 0 0-10 0
_ — 4
v(g1) 00 -1 0 | v(g2) 0010l (3.4)
00 0 —1 00 0-—1

where size of each blocks is determined by the D3-brane and D-instanton configurations.
They have the size of (Ny, N, N3, Ny) for the Chan-Paton factors on D3-branes, and
(k1, ko, ks, k4) for those on D-instantons.

Now, we take the configuration of A" =1 SQCD, namely, (N, N¢,0,0) for D3-branes
and (1,0,0,0) for D-instantons. The fields which survive in the orbifolding are as follows.
First, we consider fields on the D3-branes. We have the gauge group SU(N.) x SU(Ny)
and regard the former as a color gauge group and the latter as a flavor group. Among
the scalar fields, only two real (one complex) scalars have non-zero components. By using
SU(4) notation of R-symmetry, these scalars are ®93 and ®14, and they are hermitian
conjugate to each other. Non-zero components are

0Q00 0 Qfoo
Q000 QF 000
Poy = , Py = 3.5
23 0000 14 0 000 (3:5)
0000 0 000

These two scalars are bi-fundamental in (N, N ¢) and its conjugate. Concerning fermions,
two fermions W' and ¥U*, (and their hermitian conjugates) survive. The fermion W' has
non-zero components in a similar fashion to the scalar fields:

0400 0900

gl (Y000 T N (3.6)
0000 0000
0000 0000

Fermions ¢ and {bv are the superpartners of the scalars Q and é respectively. The other
surviving fermion U# becomes the gaugino A® and has two non-zero block-diagonal com-
ponents.

For the fields in the D(-1)-D(-1) sector, the situation is similar, but much more compo-
nents vanish. Since we set all blocks to be zero except for the first, only the (first) diagonal
block survives, and x®’s are projected out. Furthermore, a, and M a4 o not appear in
the action. Then, relevant fields in this sector are A* = \¢ and D! In the D3-D(-1)
sector, the first diagonal components of wg, @a, p = p, i = a* survive, and are in the
fundamental and anti-fundamental representations of SU(N,), respectively. Off-diagonal
components of 4/ = p' and i’ = ' also survive and they are in the fundamental and
anti-fundamental representations of SU(Ny), respectively.

We also use the notation of X, p and y’ for their surviving components.



After the Zs X Zso orbifold projection, the action is obtained from the action of D3
and D(-1) branes after keeping terms compatible with the orbifold projections. The part
containing only the fields in D(-1)-D(-1) and D3-D(-1) sectors is greatly simplified and
turns out to be

81 = il + Daup)A® — Do (7) Jut, (3.7)

The interaction terms with scalars are
1_ ~i o~ . 7 o~ , 7
S = 5@au(QIQY + QY Q™ — 2 QY ! + SripQl (33)

The above action is equivalent to those appearing in the ADHM construction. Here, we
also include the interaction terms with fermions. These terms and the interactions with
gauge fields and gauginos are

, . L =&u — .
Sy = —ifipd W iauty 1 — i Wt
() & 1 _wa :
+ zwduAS)g) Wt + §wd uagm(Fw,)ﬁwﬁv (3.9)

In this paper, we mainly investigate the contribution from the fermionic components of
quarks, v and 1; We do not consider the terms with the gauge fields and gauginos, and
S3 indicates only terms with 1) or 1;, hereafter.

The space-time approach to obtain the F-term contribution from D-instanton was
explained in [Rg]. Following that, the term Lp induced by one D-instanton is given by the
following path integral

Lp = /d{av X Ma )\,D,w,(fu,,u,ﬂ} 6_51_52_53' (310)

We are taking a suitable o’ — 0 limit for D3/D(-1) system as explained in section []. In this
limit, massless modes of D(-1) brane theory are described by zero-dimensional field theory
and the path integral is reduced to the usual integral. The space-time approach applied
to D3/D(-1) system in the o’ — 0 limit reproduces the gauge theory instanton dynamics.?
In the (path) integral evaluation, a* gives rise to four bosonic translation modes z# which
represent the position of the instanton. The upper left component of M®* gives rise to
super-translation modes 6, since it is superpartner of a,. Then, the F-term contributions

from D-instantons can be expressed as
Lp= /d4x d’e w, (3.11)

where W should be calculated by performing path-integral with the above bosonic and
fermionic modes suppressed:

W = /d{)\,D,w,@,,u,,a} e 17525, (3.12)

2There is ambiguity in the overall constant factor since the partition function is defined up to the overall
constant factor. We will omit the overall normalization constant hereafter.



The integrals over D and A enforce the bosonic and fermionic ADHM constraints. If we
carry out these integrations we have

W= / @, 1, F1FO (ol + B )OS (1) 505, (3.13)

In the computation of the ADS superpotential, one can consider only the contribution
from Sp. If we consider the SU(N,) gauge theory, one can easily see that Ny = N, — 1
is the condition for nonvanishing fermionic integration from the structure of S3. From
Sy one pair of u*, 1/ comes down to the integrand simultaneously and & (flpwg + @a ")
will give additional p* to the integration. Thus we need Ny = N, — 1 for the nonzero
fermionic integration. As shown in [L0, L] the explicit integration gives the usual ADS
superpotential. Now we consider the Ny = N, case. For nonzero fermionic integration,
we need S3 to pull down two more fermion terms after pulling down fermion terms up to
N, — 1 from S5. After carrying out these integrations, we obtain the following expression:

N _Llh. utf L otu S, av
W= / Pw d*@ 6O (@ (r°) Gy €2 (Qpal/+ajal) (3.14)
1 fghi--hn_2 _s1-sN
X 2NN — o)1 [Tt e® € €k -k

hn—2

X W W wﬁxwf W'yyw QTtl,..@TtN 2QTk1 QTk‘N:|

2
T (N DIV —1)! [5““'"““

X W ﬁ 1/} wg w'nyTh_”éTtN IQTkl- QTkN 1]

gfhihn-1

US1-SN_1
5gk1~~~kN,1

hn_1

1
T onMv —2) [€t1~~tN€ *Efghkn s

k
X whw o, wf Byt QL Qi Qi Qlﬁf”

where N = Ny = N.. As in the case of the ADS superpotential, this expression represents
lowest components of the effective superpotential. The fermions 1 and Jd can be regarded
as the lowest components of the superfields D@ and Dd@, where Qs are promoted to the
superfields. Schematically, this is in the form of

e F(Q, Q") — DsQDQF(Q, Q). (3.15)

By this computation we obtain terms in the effective action, which involve two derivatives
of bosonic fields or four fermions. This term is not manifestly supersymmetric since it
contains non-holomorphic terms. However, in [i] it is shown that (B.15) is chiral in the
on-shell supersymmetry algebra because it is related to a representative of a Dolbeault
cohomology whose elements parametrize infinitesimal deformations of moduli space []3

3This type of the effective potential was also considered in @]



Similarly one can clearly see that the nonvanishing contribution can be obtained even for
Ny > N.. We just have to pull down the necessary terms from S3. These terms are called
multi fermion F-terms since these represent interactions involving many fermions. Note
that in the space-time approach, the derivation of the usual superpotential F-term and the
multi-fermion F-term is uniform. We just have to work out the path integral to figure out
the contribution to the effective action and the zero mode structure determines whether
the resulting contribution of D-instanton is the superpotential or multi-fermion F-terms.
We denote the both contribution as W. Whether W means the usual superpotential or
multi-fermion F-term should be clear depending on the context.

It is a formidable task to perform integration in general cases, and we consider the
simplest cases. We will consider the case of SU(2) with Ny = N, = 2. In this case, multi-
fermion F-term gives rise to the moduli deformation. In the next section, we review the
relation between multi-fermion F-terms and the moduli space deformation.

4. Review on multi-fermion F'-terms

In this section, we briefly review the multi-fermion F-terms. The simplest multi-fermion
F-term has a four-fermion interaction. In this case, the multi-fermion F-term can be
connected to the deformation of the moduli space of vacua.

Let us consider a model whose moduli space is classically described by the complex
fields ¢! satisfying a holomorphic equation,

C(¢) = 0. (4.1)

The effective action is written in terms of ¢ as
S = / dz d*0 K (®, D) (4.2)

where ®7 and &7 are chiral and anti-chiral superfields whose lowest components are ¢! and

&', respectively. Then, the bosonic part of this action is

5= [ d'wg;0610 (4.3)
where g; 7 is metric on the moduli space, and obtained from the Kahler potential as
O*K (¢, ¢)
F= —— 4.4
91J 91967 (4.4)

Suppose that the governing equation on the moduli space is deformed to

C(g) =« (4.5)

This deformation of the complex structure can be represented as the change of the basis
of holomorphic one forms

A" — do! — whde’. (4.6)



Then, the metric on the moduli space changes as

9170467 — g;7 (do! — widd™ ) dg”, (4.7)
and the sigma model action receives the correction term
= /d4:E wfj8¢_5f6qz_5j +--- (4.8)

Wiy = griws - (4.9)

68 = / d*z d*0 w;;Ds® DD

Thus, the deformation of the moduli space is related to the multi-fermion F-terms. Note
that away from the singularities on the moduli space, this deformation can be converted
to the non-holomorphic change of the valuable:

o' — o' =o'+ 66" (0,9), (4.10)
where 51 satisfies the classical constraint
C(¢) = 0. (4.11)

In the next section, we work out the SU(2) case and see that the result agrees with
the computation carried out in [I.

5. Computation of multi-fermion F'-terms

In the previous section JJ, we have seen that multi-fermion F-terms in the form of the
integral with respect to instanton moduli. However, it is difficult to evaluate the integral for
general SU(N). In this section, we investigate the simplest case of multi-fermion F-terms,
i.e. SUN) SQCD for Ny = N, = 2. In this case, multi-fermion F-terms are calculated
in [fl]. We show that our D-instanton derivation correctly reproduces their result, which is
related to the moduli space deformation.

We start with the expression of (B.12),

W= / AN Do, iy i} e 51955, (5.1)

We first perform integrations with respect to fermions. Integrals over A, enforce the
fermionic ADHM constraints. Here, we do not consider the terms with gauginos (and
gauge fields). By neglecting these terms, integrals over u’s determine terms which con-
tribute to the multi-fermion F-term. After these integrations, we obtain the following
expression of W, up to an overall constant:

W= / o d?5 d*D W e~ 3%QQI+Q QuriD wrw, (5.2)
w1 fifz yur sdous =B =4 91T 92
W = Zgulugf ; ﬁxw flwfyyw f2 €g1ng Q
42 fife _m@TW ny QZ . ¢Vg1 yQng
Curug€’ 2wy wg W p€° V2 00 @ o
1 _ _
+ 4€vlvz‘€g1g2QTleTUQEuluQEflfz‘Ddu1@au2wﬁmflwﬁ'xwwyf2wg’ (5'3)

— 10 —



Using the Fierz identity* for the first and the third terms, we obtain an expression with

one pair of w,w with their spinor indices contracted, i.e.,

(") (@p ) = —(@0" ) (W' @s) + (@) (0" Dy), (5.4)

where spinor indices are contracted in each parenthesis. Then, W can be expressed as

o5 - vy ~ v 1 =P = gw1w2 T91 )T 92
W = Wau W Wg,, Wy 561)11)25 w fi 1/} Eglng Q
fif2a Ot w1 =52 w2 J 91 ng
- 261}111)16 Q f2 'l)[) f1 69192¢ Q

1 ~ o~ e
4 §Ew1w2€9192 Q;rhuu Q;;UQEU1U2Ef1f2¢6U{1¢VU£2 ] (5.5)
Next, we perform the integration with respect to w and w. After some algebras, we obtain

the following relation (see appendix [Q):

F(A) — /d20.) d2cI) d3D e—wAw-i-iDCchw
1

Y N C ) P

/ det(A? + D?)

= (trA)~! (5.6)

where the matrix A is a 2 x 2 hermitian matrix, and given by A = %(QQJr + @T@) in the
present case. Picking up relevant parts in (5.9) and (F.5), we obtain

. A ‘e
dw dw d3D @duwava)_ wle wAw+iDOT W
Bu'"y

_ c
=3 By/dwdwd D @4y @™V e CAvHID G W

1 0 9
= 3% gag pay | Y
5267,
€4y (b A (5.7)

Using this, the multi-fermion F-term is given by
B 1 ~u =av ., / /
W= (trA)~° <—§€“U€fg% pop e epg QLAY
=T —_. ~
+ 2eue e ety U8 9QT QT
1 ~ g 1,40 — f/ — A
— 5euvgfgcz} uQ}v€uv€f’g’¢£uﬂ/)§g>- (58)

4For bosonic spinors A, B, C and D, we have the following relation:

AsB*CyD° = (AB)(CD) = —(AD)(BC) + (AC)(BD).

This can be used for color and flavor SU(2) indices as well.
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In the case of SU(2), the fundamental and anti-fundamental representations coincide,
and the Ny flavors can be treated as 2N, flavors. Here, we treat the flavor symmetry
as global symmetry by taking the limit where the gauge coupling constant of SU(Ny) is
arbitrarily smaller than that of SU(N.), which is possible since eq. (b.§) does not depend
on the gauge coupling constants. Then, the flavor symmetry becomes SU(4). First, we
rewrite the quarks @ in the fundamental representation of SU(2) color symmetry as

Q" = v, uf = gwypt . (5.9)

By applying the Fierz identity to color SU(2) indices, each term in the parenthesis becomes

—el9e g (@1 0) Q' 4y), (5.10)
279 51 (P QD@ Q) + (0 Q) (47 Q))), (5.11)
—el9e 1 QT 45)(Q1 ), (5.12)

respectively, where SU(2) color indices are contracted inside each parenthesis and are not
written explicitly. Thus, the multi-fermion F-term is given by

W = (tr A) e g | (@1 6)(Q17'4)
+2 (D@7 Q1) + (0, Q) (07 Q)
- (" '@)(Q’*g'@g)] : (5.13)

By promoting the quarks @ and their superpartners v to the superfields, fermion 14 can
be interpreted as the lowest component of DsQ. The quarks can be combined into Q as

Y ,=1,2
Qr=24 P (=12 (5.14)
Q. (i=3,4)
Then, the multi-fermion F-term can be expressed in the following compact form
W = (tr A) "3 Da(e™ QL Q1) D% (¥ OF, Q! ), (5.15)

where the matrix A can be written as A = QQ. In the moduli space of SQCD, we have
the D-flatness condition, D = tr ofreQ = 0, and we can rewrite tr A as

tr A = v/det QQ. (5.16)

Introducing the “meson” field M;; = ,,Q}'Q}, we obtain the following expression for the
multi-fermion F-term

W = (tr MM)~ 295 Dy M;; D M. (5.17)

In [fl], the multi-fermion F-term is derived by the usual field theory instanton calcu-

lation and its relation to the moduli space deformation is explained. In the case of SU(2),
the classical moduli space is described by the meson M satisfying the classical constraint

PfM = 0. (5.18)
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This constraint is modified by the quantum effect to
Pf M =e. (5.19)

This quantum moduli space can be converted to the classical moduli space by a non-
holomorphic change of variables. Introducing the new coordinate M = M — 6M, the
deformation of the complex structure gives rise to the additional term of the form

wimG3 DM DM™ (5.20)

where Gz is the metric of the moduli space, and w;jx; is given by

0 0 ~
<W + wijklm> an =0. (5.21)
In this case, the new coordinate is given by
1kl
€ gijM
Mi — Mo — — . 5.22
U TS (e MM (5:22)
Then, w;;r; becomes
€ Eijkl Eijmn M ™ My
I J — _ 5.23
Wikl = 5 <(tr MM (tr MM)? (5:23)

The metric can be determined by the asymptotic form of the Kéahler potential K =
Vtr MM. The additional factor of (tr MM)~'/2 comes from this metric.> Then, the
multi-fermion F-term becomes,

5ijmananl . 5mnklenMij
(tr M M) (tr M M)

W = (tr BM)~S <gijkl _ ) DIFIDNM,  (5.24)

where the third term has been added so that the multi-fermion F-term is manifestly sym-
metric to the exchange of two DM’s. It can be done because the second and third term
vanish on the moduli space since

EijkleldMij = d(EijklMiijl)- (525)

Using this relation (§.2f) again, the multi-fermion F-term (p.17) is equivalent to (5.24)
which is based on the moduli space deformation.

6. Case of symplectic gauge group

In this section, we consider the case of the symplectic gauge group, which can be obtained
by introducing the orientifold [B0]. Here, we take the orbifolding with (2N, 2N +,0,0) for
D3-branes and (1, 0,0, 0) for D-instantons, and put the O3-plane on the orbifold singularity.

5There are another additional terms. We do not write these terms explicitly because they vanish on the
moduli space.
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Then, the color and flavor gauge groups become USp(2N.) and USp(2Ny), respectively. If
one neglects the flavor gauge symmetry and treats this as a global symmetry, this remains
U(2Ny).

The orientifold acts on the Chan-Paton factor as a matrix y(€2). This matrix can be dif-
ferent for different D-branes, and have opposite symmetries (symmetric or anti-symmetric)
for the D3-brane and D-instanton [BI]. We take the anti-symmetric one for the D3-brane to
obtain the symplectic gauge group. The matrix v(€2) must satisfy the following consistency

condition:
Y9 (9)T =7 (). (6.1)
Then, the action of the orientifold is
JO 0 O
0J 0 O
= , 6.2
7 lo0J® o (6:2)
00 0 JW
where, .J’s are anti-symmetric matrices which satisfies J? = —1. We use the notation of

Juw = —J* = (J~ Y, and similarly for J.
The orientifold imposes the following additional conditions on massless fields in the
D3-D3 sector:

A, = —W_A}h:l, (6.3a)
d=—y_ 3Ty df = —y_oTTy71, (6.3b)
U4 = —Rigy (87)T1, Ua=—y (Up)"y2'RY, (6.3¢)

where the minus sign for the scalars is due to the spacetime reflection, and those for the
gauge fields and the fermions come from the worldsheet reflection. The matrix Rg is the
action of the reflection on six dimensional spinors:

R = —i[4%6789, (6.4)

The projection on the gauge fields (and gauginos) restricts the color and flavor gauge groups
to the symplectic gauge group. For the chiral scalars and fermions, the conditions (f.d)
make connections between ) and Q, ¥ and ¢ as

@£ = _jngngua @Tu = _Jqulgjgﬁ {EZ = —jfgngvm Jf = _Juv,&gjgf' (6.5)

Since these conditions do not give any restriction on the flavor symmetry, the global sym-
metry itself remains to be U(2Ny).

For the Chan-Paton factor on the D-instanton, the action of the orientifold is a sym-
metric matrix, which can be taken to be the unit matrix

For the fields in the D(-1)-D(-1) sector, the orientifold imposes the following conditions:

a, = ay,, x=—x", M4 = RA(MB)T, Aaa = —(Aap)TRE. (6.7)
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After the orbifolding for the one-instanton condition, (1,0,0,0), these relations yield
Ad = —Aas D¢ = —-D¢. (6.8)

Thus, A and D¢ must vanish. It implies that there are no bosonic and fermionic ADHM
constraints in USp(2N,) gauge theory as is well-known.

For the fields in the D3-D(-1) sector, the orientifold projection gives relations between
w and @, and, p and j:

o=wty"h it = RA(uB)Ty L. (6.9)
These relations become the following relations after the orbifolding:
Wy = Wvam oy = ,quvua Ia/f = //g:];)f' (6'10)

The superpotential is greatly simplified since the ADHM constraints are absent in this
case. The action of our interests becomes

S = wiJuwQ4QI W + ip Ty, QI + 2ip ! Ty 0%, W (6.11)

6.1 Multi-fermion F-terms and the moduli space deformation

In this section, we consider the simplest case of the multi-fermion F-term. As we have seen
in the case of SU(2), the multi-fermion F-term is related to the deformation of the moduli
space. We generalize the analysis to the symplectic case, and show that our multi-fermion
F-term reproduces the moduli deformation.

The multi-fermion F-term W is given by the path integral of the action (B.11)):

W= /d{w,u}e‘s. (6.12)

Also we neglect contributions from gauginos. Then, all of u in the integrand must come
from the second term of (f.11]), because the ADHM constraints are absent in this case. If
N = Ny, there are no additional contribution of 4, and this integration yields an ADS-
type superpotential, as is well known [BJ]. In the case of Ny > N,, N, of y are supplied
by the second term of (f.I1]), and the rest of x’ are by the third term. Then, W has the
2(Ny — N.) of the fermions ¢). We obtain the simplest multi-fermion F-terms in the case
of Ny = N.+ 1. In this case, we have the following expression up to an overall constant:

W= / P e—walJQQNwe
X EM.HUNEflmfNH (JQT)Ulfl e (JQT)UNfN(j&w)fNJrl (jq/;w)fzvu

1 e
Eul"'HQNCEfl Jany (JQT)Ulfl T (JQT)U?chQNC

~ det(JQQY)
X (j&)dva+1(j¢_))ng+2 ((QQT)_1J>MU (6.13)
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where, N = 2N, = 2(Ny — 1). Using the Bose statistics of the quarks @, we can rewrite
eq. (6.13) in terms of the “mesons” M fg = JquQJﬁQg. Then, we obtain the following
compact form of the multi-fermion F-term:

C'(M)ijil  ~ij =kl =
W=—=—— v G4 DMMDM™ 6.14
D), C ()5 ’ (619
G = Qi (ah?) qpel, (6.15)
where we define C, C and C’ as
C(M)w :€ijf1mfNMflf2"'MfNilfN, 6.16)
C_'(M)Z] :Eijfl...fNMflfz"'MfolfN, (617)
and
é/(M)ijkl _ 5ijklf1---fN72Mf1f2 e MIN-3IN-2 (6.18)

Let us consider the relation between our multi-fermion F-term and the moduli space
deformation [BZ). We treat only the color symmetry as the gauge symmetry, but the flavor
symmetry as a global symmetry by neglecting the flavor gauge field. Then, our model has
USp(2N,) color gauge symmetry and U(2Ny) flavor global symmetry. The classical moduli
space is described by the “mesons” My,. For Ny > N, these mesons satisfy the classical
constraint

Pt M =0, (6.19)

which is a trivial consequence of the Bose statistics of the quark fields . In the case of
Ny = N+ 1, this constraint is modified to

PfM = A (6.20)

by the quantum effect of instantons.

The quantum moduli space can be converted to the classical moduli space by a non-
holomorphic change of variables. Introducing the new coordinates M =M —§M , the
deformation of the complex structure gives rise to the additional term of the form

wijnGS, DM DM™, (6.21)

where Gg is the metric of the moduli space, and w;;; is given by

0 0\~
(W + wijklm> an = 0. (6.22)

In this case, the moduli deformation is described by

SMj; = —— I (6.23)
7 O(M)gC (M)
where we have used the definitions of (p.1() and (f.I7) again. Then, we have
T O(M) g C (M) (C(M) 1,C(M)f9)?



where C" is defined in (p.1§). We do not know the explicit form of the metric G but we can
estimate it from the asymptotic form of the Kéahler potential K. The Kahler potential for
mesons M equals to that of quarks @ at the asymptotic region of the moduli space. Since
the D-flatness condition for the symplectic gauge group is

JuwQ;‘UQlf = QLfQE”Ume (625)

the Kéahler potential can be written as

K=trQ'Q =tr VJQTQITJ-1QQ". (6.26)
We can read off an expression of the metric from the last expression by using the following
relation:
PK B I*K  OM,;; OMM
0QioqQy  OMMOM;; 0Q} QY
i OM;; OM kl
! o0 00 (6.27)

Thus, we obtain
G = 5B} + Bls} — 5(D|B{ + BiD))
4o Z Y BB+ (BB (6.28)
where
Bi=QiQi,  Bi=qi(@eN?) @, pi=Qi(@eh) Q. (629

Substituting (.24) and (f.2§) into (B.21)), we obtain the multi-fermion F-term generated
by one instanton. Using the relation My, = WQ?QZ and the Bose statistics of @, this

multi-fermion F-term is simplified to the following form:

C'(M)ijii ~ii = —pt = —
W= —— Y GY_DMF D™ 6.30
G0 5,C(M)T ’ (6.30)

G = Bid, (6.31)

which is equivalent to our multi-fermion F-term (f.14).

6.2 Higher multi-fermion F-terms

In the case of Ny > N, + 1, the moduli space is not deformed by effects of instantons,
and we cannot relate multi-fermion F-terms to the moduli space deformation. However,
multi-fermion F-terms themselves exist even in these cases. These multi-fermion F-terms
are also found from the purely field theoretical analysis. Here, we restrict ourselves to the
simplest gauge group of USp(2) ~ SU(2), and show that our analysis reproduces the result
from field theory.
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In general cases of Ny > N., we have the following expression of the multi-fermion
F-term:

W= / PP e (JQQNw
» Eul'"uchEfl'"fZNf (JQT)Ulfl R (JQT)uchszc(j@w)ﬁNcH T (jz;w)fm\rf

1 T
=2 Gaog NN (TQN gy (TQ D w fo

~- ; —ON,—N,
X (Jw)dlvlf2Nc+1 T (Jw)dechvachfo+Nc (Jq/})?ullfoJrNcH e ( Tb)wN;,chQNf

< (@@h )" (@)

where, ¢ indicates the permutation of indices, which can be removed by using the Fierz

UNf—NCU(wafNC)

(6.32)

identity. Using the relation My, = Q?Q; and the Bose statistics of quarks ), we can
simplify it into the following compact form:

W Ml oL ppfene—1fane @ feNetifonet2 L szNfaszf7 (6.33)

1
= det(JQQT)Eflthf
where .
o' = gL, [(@a" ] Jriige. (6.34)

Using the Bose statistics of @ again, and extending v to the superfield DQ, we can replace
O by O which is defined as

Ol = pyrtf [QTJ(QQT)—l} p /DMg'g‘ (6.35)
g

In the case of USp(2) = SU(2), D-flatness condition gives the following relation:

(QQNY = 63 tr(QQT) = 63/ tr MM. (6.36)
Then, we obtain
Of9 = (tv MM) 3> M DM DM (6.37)
Using this expression, we can rewrite the multi-fermion F-term as
-\ —(3n—1)/2 - A AN,
W= (e M)~ ey R OR L OFNy (6.38)
O% = My D M* DY MY . (6.39)

Therefore, this multi-fermion F-term is equivalent to that in [I.

7. Conclusions and discussions

In this paper, we have investigated the instanton in A" = 1 SQCD by using the D-brane
effective theory. In SQCD with gauge group SU(N,) and Ny = N, flavors, instantons
modify the moduli space of vacua. This effect can be described by the multi-fermion F£-
terms, and we have derived these terms from the D-brane effective action. SQCD can

— 18 —



be obtained by introducing the orbifolding into the D3-brane effective theory, and the
gauge instanton corresponds to the D-instanton on the D3-brane. The effective potential
generated by instantons can be obtained from the D-instanton effective action. The multi-
fermion F-terms are given in terms of integral with respect to the instanton moduli. This
integration generally gives complicated expression. We have considered the simplest case
of SU(2) gauge group, for which the potential was calculated in [[] by using purely field
theoretical techniques. Our result correctly reproduced that in [f[. We have also considered
the case of symplectic gauge group. In this case, we have obtained much simpler results than
those in the case of the unitary group. This is due to the fact that the ADHM constraints
are absent for the symplectic gauge group. We have shown that the deformation of the
moduli space is described by the multi-fermion F-term derived from D-instantons, for
Ny = N.+ 1. We have also calculated multi-fermion F-terms with more fermions, which
appear for the theory with more flavors. For USp(2) ~ SU(2), our result agrees with that

in [EI] , again.

We would like to comment on the case of the orthogonal group. SQCD with this gauge
group can be obtained by introducing the orientifold which is opposite to that for the
symplectic group; symmetric projection is imposed on the Chan-Paton factor of D3-branes
and the anti-symmetric projection on that of D-instantons. We can obtain multi-fermion
F-terms similar to those in the case of unitary gauge group for Ny = N, or symplectic
gauge group for Ny = N, + 1, i.e. those in the form of (B.15). Due to the anti-symmetric
projection, the size of the matrices for D-instantons must be even, and we should take k = 2
for one-instanton. Then, the Chan-Paton factor for D-instantons becomes U Sp(2) ~ SU(2),
and consequently, there are three sets of the ADHM constraints corresponding to three
SU(2) generators. The fermionic ADHM constraints supply six fermions p. Since there
are 2N, fermions p and 2Ny fermions p/, we obtain the multi-fermion F-terms in the form
of B19), if Ny = N. — 2. However, there are no constraint on the moduli space for
Ny = N.—2, and therefore, we cannot see any relation between the multi-fermion F-terms
and the deformation of the moduli space [BJ]. Furthermore, a large number of the ADHM
constraint makes the integration in the expression of multi-fermion F-terms much more
complicated.

It would be interesting to study the relation between multi-fermion F-terms and the
deformation of the moduli space in the case of SU(N.) for N. > 2. In order to study this
relation, we have to obtain an explicit form of the metric on the moduli space. Even in
the case of SU(2) and symplectic group, the metric is determined in the asymptotic region
by using symmetries. It is interesting to describe deformation of the moduli space in full
detail. These issues are left for future studies.

Another interesting problem is a generalization to other models. In this paper, we
have demonstrated the D-instanton derivation of multi-fermion F-terms which are related
to the deformation of the moduli space. This method can be applied to other models and
will show how the moduli space is deformed by instantons. It would also be interesting to
study stringy effects of multi-fermion F-terms.
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A. Supersymmetry transformations

In this appendix, we describe the supersymmetry transformation of the effective theory.
The D3-brane effective theory is the N' = 4 super Yang-Mills theory. The followings are

their transformations:

SA, = Z.g—dAa_paﬁ\Pé 4 éaAO_ZB\IIZ’ (A1)
5\1’0“4 _ %O_;ﬁwaéﬁAij + %€ABCDEBBﬁuBaDu¢AB (AQ)
1 1
44 <§£aA€BCDE _ §€ABCD£QE> Dpo®pp,
— 1< 3 .
0Wan = §§BA55V6FW + €5 0, Du®ap (4.3)

1- 1
+ BODE <§§QA<1>BC(I)DE - 55@E¢AB¢0D> ;
6(I)AB = 2iEABCD§g\I/aD — 2 (gdA\T/dB - gdg\i’%) . (A4)

where, we rewrote the R-symmetry in terms of SU(4) using the definition, ® 45 = 29 5P
Introducing the D-instanton, a half of the supersymmetry is broken and the unbroken
symmetry is generated by supercharges Qé We list these supersymmetry transforma-
tions of the fields on the D-instanton. The fields in the D(-1)-D(-1) sector are given by
dimensional reduction of the N' = 4 super Yang-Mills theory. Their transformations are

b0 = 5Eaad" M, (A.5)
Ox* = —i€aaS* PG, (A.6)
(o1 1z _pBaya a
OM = =€, N P ", a), (A7)
1. cwnr .
0Aaa = §§aBZAbB[X X0+ €540 %lay, au). (A.8)

By introducing the auxiliary fields D¢, the transformation of A;4 becomes

1z CIB c
6Xaa = 5EpaTe D", (A.9)
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And the transformations in the D3-D(-1) sector are the followings:

dwy = —i€sap’, (A.10)
0wa = i€anfi?, (A.11)
5,uA = €ABCD£_aB (deCD + <I>0Dw0") , (A.12)
opt = e*BPE g (xepw® + @ Pep) (A.13)

where, xap = ijBxa.

B. Multi-fermion F-terms for general SU(IV)

In this appendix, we show an explicit expression of the multi-fermion F-term for general
Ny > N, in the case of unitary gauge group. The expression is quite complicated if all
fields in the D3-D(-1) sector are integrated out. Therefore, we do not perform all of the
integration. The multi-fermion F-term can be expressed in terms of the integral with
respect to w:

P P N L P TAET
W = /dwzdw2 5(3)(@du(7'c)gwﬁu)€ 2Wau<QfQu +Q; Qu)w EUlmuNCEvl---UNCEfl---foEgl IN

1
X
[NC!(NC —2)I(N; — NNy — N, + 2)1
X QI - QN2 Gin . gl

UNc—2 g1 9N,

—fng

-, 5 INe=1, dawr 37 QN —Ne+2WN p—Ne+2
X w'Y“chlwuNcwalm w Q'bafoNﬁszfchH
. =By B SN~ NeYN p—Ne
w 1 ... w 1
Bry1 7 INc+1 BNp—NeYNp—Ne 7 9Ny
2

[(Ne — DIPI(N; = Ne+ 1P
X QI - Qi Qv .. Qi

UNc—1 g1 9Nc—1

fNe wdlwl L. T)[_)fo

- YUN. T, GN;—Ne+1WNp—Ne+1
X Wiy, w !Nt §Ne g Ne

a1wi QN —Ne+1WNp— Net1
_ 7"/3@/1 _ ;BfoNchlnychJrl
x ngyll/}ch ”'wﬁ.foNc+1ny7Nc+1 9Ny
N 1
NJA(N, — 2)I(N; — No)!((N; — N, + 2)!

TfNe A ATUNe—

« QTujl”l .. QUN]\Z.CQ;iH .. QgNIZi;
UNe—1, Avn. TINe+1 dqw -
way c UJ’Y Ncqﬁéq&q 1 1/1)[)

fng

dechwach
aNf*Nchfch

w

=By ;BfoNc+2nych+2

X W4 e .
wﬁlylrl/}gl\fcfl wﬁfoNcmnychm 9Ny

(B.1)

The fields on the D-instanton correspond to the moduli of the instanton, and w’s are the
gauge direction and the size of the instanton. For example, the instanton solution of the
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gauge field A, is written in terms of w as

(v — x0)”
x —x0)%[(x — 20)? + %c‘ua,ww“?w]’

Au(w) = wzwuu)gwé( (B.2)

where, we have taken the singular gauge, and zfj = a* is the position of the instanton.

C. Constrained Gaussian integral

In this appendix, we describe the calculation of the constraint Gaussian integral. Let us
define F' by

F = /dw dw 6®) (wr°w) e PaAwt (C.1)

where A is an N x N matrix. Writing the d-function in terms of the contour integral, we
obtain

o A ik oG8 _ _ .
:/dwd@d3ke aAwtikalaT’g :/deQd% e~ AQ (C.2)

where A is the 2N x 2N matrix which is defined as

< A —iks —ki — ko
A= C.3
<—z‘k1+k2 A+z‘k3)’ (C3)

while Q and Q are defined as

Q= (Z;) , Q= (@1, wg) . (C.4)

Then integrating over €2 and 2, we have

1 1
_ 3 _
B /d kdem B /dkdet(A2 + k2) (G:5)

where we used the following formula:

A B
det <C’ D) = det(AD — BC) (C.6)

if A,B,C,D mutually commute. Diagonalizing A into diag(ai,as---ay) and picking up
all residues in the upper half plane of k, we obtain

F= /dk +k2_ZH n (C.7)

m;ﬁn(a?n - a%)

This can be written in terms of A as

A
F=tr ——— C.8
Sheeee (C8)
where
r)i 1 nyngelye k kn—(r
C(j) - (N —r— 1)!7‘! ' " lNi(TH)ejm N k1---kN7(r-+1)(A2)lll e (A2)l]irvf((r:11)) (C.Q)
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